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It is well known that fuzzy implication functions (see the survey [14]) are used in approximate reasoning, not only to rep-
resent fuzzy conditional statements of the form ‘‘If p then q” (with p; q fuzzy statements), but also to perform inferences in
any fuzzy rule based system. In this inference process, the two main classical rules are modus ponens (MP) and modus tollens
(MT) that allow to perform, respectively, forward and backward inferences. In terms of fuzzy logic, these implications are
operations I : ½0;12 ! ½0;1 extending the classical material implication, that is, satisfying Ið0;0Þ ¼ Ið0;1Þ ¼ Ið1;1Þ ¼ 1 and
Ið1;0Þ ¼ 0.
Since conjunctions, disjunctions and negations are usually performed by t-norms (T), t-conorms (S) and strong negations
(N), in fuzzy set theory as much as in fuzzy logic and approximate reasoning, the majority of the known implication functions
are directly derived from these operations.1 The four most usual ways to deﬁne these implication functions are:
(i) R-implications deﬁned byIðx; yÞ ¼ supfz 2 ½0;1jTðx; zÞ 6 yg for all x; y 2 ½0;1: ð1Þ
(ii) S-implications deﬁned byIðx; yÞ ¼ SðNðxÞ; yÞ for all x; y 2 ½0;1: ð2Þ
(iii) QL-implications deﬁned byIðx; yÞ ¼ SðNðxÞ; Tðx; yÞÞ for all x; y 2 ½0;1: ð3Þ. All rights reserved.
imma0@uib.es (M. Monserrat), dmijts0@uib.es (J. Torrens).
ations from other aggregation functions, specially uninorms (see [1,12,17]).
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Moreover, in this context, given any t-norm T1 and any strong negation N1, modus ponens and modus tollens for an impli-
cation I can be written asT1ðx; Iðx; yÞÞ 6 y for all x; y 2 ½0;1 ð5Þ
andT1ðN1ðyÞ; Iðx; yÞÞ 6 N1ðxÞ for all x; y 2 ½0;1; ð6Þ
respectively. These two inequalities have been recently solved in [18] for the ﬁrst three mentioned classes of implications.
On the other hand, the study of operations deﬁned on ﬁnite scales is an area of increasing interest (see [2,4,6,9–11] and
[16]). Mainly, because it allows to deal with ﬁnite families of linguistic labels avoiding numerical interpretations (necessaries
in the fuzzy logic approach). In this context, the book chapter [16] brings a survey on (smooth) discrete t-norms and t-
conorms on a ﬁnite chain L, and the four classes of implications, R, S, QL and D-implications derived from discrete t-norms,
are studied in [10,11]. Discrete implications show new possibilities for approximate reasoning with ﬁnite families of linguis-
tic labels, with their consequent applications in computing with words.
However, in this line, the study of MP and MT rules for discrete implications, equivalent to the one given in [18] for fuzzy
implications, is essential. This paper is precisely devoted to this study and it is an extended version of the Eusﬂat-07 com-
munication [13], where the results were presented but without proofs. After some preliminaries given in Section 2, we
devote Section 3 to characterizations of those R, S, QL and D-implications on a ﬁnite chain L, derived from smooth t-norms,
that satisfy inequality (5), inequality (6) or both. Finally, Section 4 is devoted to the non-smooth case for a special family of
t-norms.
2. Preliminaries
We recall here the smooth t-norms and the smooth t-conorms on a ﬁnite chain L and their characterizations, that will be
used along the paper. It is well known that for our purposes (see [16]) all ﬁnite chains with the same number of elements are
equivalent and thus, from now on, we will deal with the simplest ﬁnite chain of nþ 1 elements:L ¼ f0;1;2 . . . ;n 1;ng;
where nP 1. Such an L can be understood as a set of linguistic terms or ‘‘labels”.
The following two deﬁnitions are adapted from [6] (see also [16]).
Deﬁnition 1. ([16], Deﬁnition 7.3.1) A function f : L ! L is said to be smooth if it satisﬁes one of the following conditions:
 f is nondecreasing and f ðxÞ  f ðx 1Þ 6 1 for all x 2 L with xP 1.
 f is nonincreasing and f ðx 1Þ  f ðxÞ 6 1 for all x 2 L with xP 1.
Deﬁnition 2. ([16], Deﬁnition 7.3.1) A binary operation F on L is said to be smooth if it is smooth in each variable.
The importance of the smoothness condition lies in the fact that it is generally used as a discrete counterpart of continuity
on [0,1].
Although t-norms, t-conorms and strong negations are usually binary operations on [0,1], they can be deﬁned as in [2] on
any bounded partially ordered set and, in particular, on L. In this last case, they are usually known as discrete t-norms and
discrete t-conorms. In this way, recall that smoothness for discrete t-norms (and also for t-conorms) is equivalent to the
divisibility condition, that is, x 6 y if and only if there exists z 2 L such that Tðy; zÞ ¼ x (see Proposition 7.3.3 in [16]).
Proposition 1. ([16], Example 7.2.6) There is one and only one strong negation on L that is given byNðxÞ ¼ n x for all x 2 L: ð7Þ
From now on, N will always denote the negation on L given by (7). Moreover, given any t-norm T (t-conorm S) on L, we will
denote by IdempT (IdempS) the set of all idempotent elements of T (S), that isIdempT ¼ fx 2 LjTðx; xÞ ¼ xg:
It is known that a t-norm T on L is Archimedean (see Deﬁnition 7.2.10 in [16]) if and only if IdempT ¼ f0;ng (see Remark
7.2.12-(iii)). Smooth t-norms have been characterized as ordinal sums of Archimedean ones as follows.
Proposition 2. ([16], Proposition 7.3.7) There is one and only one Archimedean smooth t-norm on L, denoted by TL , given byTLðx; yÞ ¼ maxf0; xþ y ng for all x; y 2 L; ð8Þ
which is known as the Łukasiewicz t-norm.
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a subset of L2 WeJ ¼ f0 ¼ i0 < i1 <    < im1 < im ¼ ng
such that T ¼ TJ is given by:TJðx; yÞ ¼
maxfik; xþ y ikþ1g if x; y 2 ½ik; ikþ1; 0 6 k 6 m 1;
minfx; yg otherwise:

ð9ÞIn this case, the set of idempotent elements of T is precisely IdempT ¼ J.
Smooth t-conorms have a classiﬁcation theorem like the above one for t-norms which can be easily deduced by N-duality.
The expression of the only Archimedean smooth t-conorm on L is given bySLðx; yÞ ¼minfn; xþ yg for all x; y 2 L; ð10Þ
which is also known as the Łukasiewicz t-conorm. In general, we have
Proposition 4. ([16], Theorem 7.3.9) A t-conorm S on L is smooth if and only if there exists a natural number m with 0 6 m 6 n
and a subset of LJ ¼ f0 ¼ i0 < i1 <    < im1 < im ¼ ng
such that S ¼ SJ is given by:SJðx; yÞ ¼
minfikþ1; xþ y ikg if x; y 2 ½ik; ikþ1; 0 6 k 6 m 1;
maxfx; yg otherwise:

ð11ÞIn this case, the set of idempotent elements of T is precisely IdempS ¼ J.
Note that with these notations, the Łukasiewicz t-norm and t-conorm can be written, respectively as TL ¼ Tf0;ng and
SL ¼ Sf0;ng. The following result follows from the previous propositions.
Proposition 5. ([16], Corollary 7.3.12) There are exactly 2n1 different smooth t-norms (t-conorms) on L.
One of the most accepted deﬁnitions of implications is the following, that has been extracted from [5].
Deﬁnition 3. ([5], Deﬁnition 1.15) A binary operation I : L L ! L is said to be a (discrete) implication if it satisﬁes:
(I1) I is nonincreasing in the ﬁrst variable and nondecreasing in the second one.
(I2) Ið0;0Þ ¼ Iðn;nÞ ¼ n and Iðn;0Þ ¼ 0:
Note that, from the deﬁnition, it follows that Ið0; xÞ ¼ n and Iðx;nÞ ¼ n for all x 2 L.
The four ways to deﬁne fuzzy implications apply here to deﬁne discrete implications. However, since the only strong
negation on L is the one given by (7) and we deal with a ﬁnite scale, in our case they can be rewritten as follows:Iðx; yÞ ¼maxfz 2 LjTðx; zÞ 6 yg; x; y 2 L; ð12Þ
Iðx; yÞ ¼ Sðn x; yÞ; x; y 2 L; ð13Þ
Iðx; yÞ ¼ Sðn x; Tðx; yÞÞ; x; y 2 L; ð14Þ
Iðx; yÞ ¼ SðTðn x;n yÞ; yÞ; x; y 2 L: ð15ÞAll these classes of discrete operations have been already studied: R and S-implications in [10], and QL and D-operations in
[11]. Thus we refer to these cited papers for details on these kinds of discrete operations that we will use in the paper.
Although the non-smooth case is considered in these references, in the present work we will mainly deal with R, S, QL
and D-operations derived from smooth t-norms and smooth t-conorms.
Let us now deal with (implication) operations on the ﬁnite chain L that satisfy the modus ponens, the modus tollens or
both, with respect to a t-norm T1. Again, since we have only one strong negation on L, in our case Eq. (6) can be rewritten
depending only on the t-norm T1 and thus, we can adopt the following deﬁnitions.2
Deﬁnition 4. Let T1 be a t-norm on L. A function I : L
2 ! L will be called:– an MP-operation for T1 whenever it satisﬁesT1ðx; Iðx; yÞÞ 6 y for all x; y 2 L: ð16Þ– an MT-operation for T1 whenever it satisﬁesT1ðn y; Iðx; yÞÞ 6 n x for all x; y 2 L: ð17Þ
– an MPT-operation for T1 whenever it is both, an MP and an MT-operation.give the deﬁnitions for a general (not necessarily smooth) t-norm T1 since in Section 4 we will deal with the non-smooth case, as well.
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operation (or MT or MPT-operation, respectively).
Note that whereas all R and S-operations (given by Eqs. (12) and (13), respectively) are always implications, this is not the
case for QL and D-operations (given by Eqs. (14) and (15), respectively), see for instance [11]. Thus, we will divide our study
of properties MP, MT and MPT in three subsections, the ﬁrst one devoted to R-implications, the second one devoted to S-
implications and, ﬁnally, the third one devoted to QL and D-operations in general, including of course QL and D-implications.
Before this, let us begin with two easy but important propositions related to the mentioned properties. The ﬁrst one deals
with MP-operations.
Proposition 6. Let T1 be a t-norm on L and I : L
2 ! L an MP-operation for T1. ThenT1ðx; Iðx;0ÞÞ ¼ 0 for all x 2 L:Proof. Taking y ¼ 0 in (16) we obtain T1ðx; Iðx;0ÞÞ 6 0 and hence the result. h
The second one deals with MT-operations.
Proposition 7. Let T1 be a t-norm on L and I : L
2 ! L an MT-operation for T1. ThenT1ðn y; Iðn; yÞÞ ¼ 0 for all y 2 L:Proof. Just take in this case x ¼ n in (17). h3. Main results when T1 is a smooth t-norm
We divide our study in three sections, the ﬁrst devoted to R-implications, the second devoted to S-implications, and the
last one devoted to QL and D-operations.
3.1. R-implications
Given any discrete t-norm T on L we will denote by IT its residual implication, that is, the operation given by Eq. (12):ITðx; yÞ ¼maxfz 2 LjTðx; zÞ 6 yg:
We deal in this subsection with implications IT : L
2 ! L, where T is a smooth t-norm. Let us recall here the formulas for these
implications.
Proposition 8. ([10], Proposition 10) Let T : L2 ! L be a smooth t-norm with the following set of idempotent elements
IdempT ¼ f0 ¼ i0 < i1 <    < im1 < im ¼ ng:Then its derived R-implication IT is given byITðx; yÞ ¼
n if x 6 y
ikþ1 þ y x if there exists ik such that ik 6 y < x 6 ikþ1;
y otherwise:
8<
:For an easier understanding we give also their graphical structure that can be found in Fig. 1.
We begin with the property of MP-implications. Recall ﬁrst that R-implications satisfy the so-called residuation property.
That is, given any discrete t-norm T1, it is veriﬁed:T1ðx; yÞ 6 z () IT1 ðx; zÞP y for all x; y; z 2 L: ð18ÞIn this case we can give a general characterization without the assumption of smoothness.
Proposition 9. Let T; T1 be t-norms on L and IT : L
2 ! L the R-implication associated to T. The following statements are
equivalent:
(i) IT is an MP-implication for T1.
(ii) IT 6 IT1 .
(iii) T1 6 T .Proof. IT is an MP-implication for T1 if and only if it satisﬁesT1ðx; ITðx; yÞÞ 6 y for all x; y 2 L;
which is equivalent by Eq. (18) toIT1 ðx; yÞP ITðx; yÞ for all x; y 2 L;
proving the equivalence between (i) and (ii).
Fig. 1. The structure of the R-implication derived from TJ where J ¼ f0 ¼ i0 < i1 <    < im1 < im ¼ ng and Iikþ1 ðx; yÞ ¼ ikþ1 þ y x for k ¼ 0; . . . ;m 1.
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Conversely, suppose that IT 6 IT1 and that there exists ða; bÞ 2 L2 such that T1ða; bÞ > Tða; bÞ. ThenIT1 ða; Tða; bÞÞ ¼maxfy 2 LjT1ða; yÞ 6 Tða; bÞg < b;
whereasITða; Tða; bÞÞ ¼maxfy 2 LjTða; yÞ 6 Tða; bÞgP b;
obtaining contradiction. h
Now, in the smooth case we have the following results.
Proposition 10. Let T; T1 be smooth t-norms on L and IT : L
2 ! L the R-implication associated to T. Then IT is an MP-implication
for T1 if and only if IdempT1  IdempT .
Proof. Suppose ﬁrst that IT is an MP-implication for T1 and letIdempT ¼ f0 ¼ j0 < j1 <    < jr1 < jr ¼ ng; ð19Þ
be the set of idempotents of T. Now let ik be an idempotent of T1 and suppose that ik is not an idempotent of T. Then we will
have jl < ik < jlþ1 for some 0 6 l 6 r  1 and, using the formula given in the caption of Fig. 1, we obtain by one handITðik; jlÞ ¼ jlþ1 þ jl  ik > jl
and by the other handIT1 ðik; jlÞ ¼ jl;
obtaining contradiction. Thus, any idempotent element of T1 must be also an idempotent element of T.
Conversely, suppose that IdempT is given again by (19) and thatIdempT1 ¼ f0 ¼ i0 < i1 <    < im1 < im ¼ ng  IdempT
and we will prove that ITðx; yÞ 6 IT1 ðx; yÞ for all x; y 2 L.
If x 6 y then clearly ITðx; yÞ ¼ n ¼ IT1 ðx; yÞ and so we need to deal only with the case x > y. In this case we will have
ik 6 x 6 ikþ1 for some 0 6 k 6 m 1 and we distinguish two cases:
 If y < ik 6 x 6 ikþ1. Then necessarily there is an l such that 0 6 l 6 r  1 and y < ik 6 jl 6 x 6 jlþ1 6 ikþ1. But in this case we
have ITðx; yÞ ¼ IT1 ðx; yÞ ¼ y.
 If ik 6 y < x 6 ikþ1. In this case, IT1 ðx; yÞ ¼ ikþ1 þ y x whereas we will have some l such that ik 6 jl 6 x 6 jlþ1 6 ikþ1, allow-
ing two possibilities for IT:
If ik 6 jl 6 y < x 6 jlþ1 6 ikþ1, thenITðx; yÞ ¼ jlþ1 þ y x 6 ikþ1 þ y x ¼ IT1 ðx; yÞ:
If ik 6 y < jl 6 x 6 jlþ1 6 ikþ1, thenITðx; yÞ ¼ y 6 ikþ1 þ y x ¼ IT1 ðx; yÞ:
In all cases ITðx; yÞ 6 IT1 ðx; yÞ and thus the implication is proved. h
Note in particular that taking T ¼ T1 the modus ponens is always satisﬁed, a partial result that was directly proved in [10].
On the other hand, it is clear that we can deduce the following particular cases.
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2 ! L the R-implication associated to T. Then
(i) Imin is an MP-implication for any smooth t-norm T1.
(ii) ITL is an MP-implication for T1 if and only if T1 ¼ TL .
(iii) IT is an MP-implication for TL for any smooth t-norm T.
(iv) IT is an MP-implication for the t-norm min if and only if T ¼min.
With respect to MT-implications we obtain solutions for smooth t-norms only when T1 ¼ TL is the Łukasiewicz t-norm
and in this case IT is an MT-implication for TL for any smooth t-norm T. This can be proved through the following two
propositions.
Proposition 11. Let T; T1 be t-norms on L and let IT : L
2 ! L be the R-implication associated to T. If IT is an MT-implication for T1
then necessarily T1ðx;n xÞ ¼ 0 for all x 2 L.
Proof. For any discrete t-norm T, it is obvious that ITðn; yÞ ¼ y for all y 2 L. Then applying Proposition 7, we have0 ¼ T1ðn y; ITðn; yÞÞ ¼ T1ðn y; yÞ ¼ T1ðy; n yÞfor all y 2 L and the proposition is proved. h
Remark 1. It is proved in Lemma 1 of [10] that, for smooth t-norms, the previous condition is equivalent to T1 be the Łukas-
iewicz t-norm. That is, for smooth t-normsT1ðx;n xÞ ¼ 0 for all x 2 L () T1 ¼ TL:Proposition 12. Let T; T1 be smooth t-norms on L and IT : L
2 ! L the R-implication associated to T. Then IT is an MT-implication
for T1 if and only if T1 ¼ TL.
Proof. If IT is an MT-implication for T1 by the previous proposition and Remark 1 we clearly obtain T1 ¼ TL:
Conversely, if T1 ¼ TL we need to show thatTLðn y; ITðx; yÞÞ 6 n x for all x; y 2 Lfor any smooth t-norm T. To do it, suppose again thatIdempT ¼ f0 ¼ i0 < i1 <    < im1 < im ¼ ng:When x 6 y the result is trivial since thenTLðn y; ITðx; yÞÞ 6 n y 6 n x:Thus, we can suppose y < x. Moreover, there will exist 0 6 k 6 m 1 such that ik 6 x 6 ikþ1 and we divide our reasoning in
two cases:
 If ik 6 y < x 6 ikþ1, then ITðx; yÞ ¼ ikþ1 þ y x and soTLðn y; ITðx; yÞÞ ¼ TLðn y; ikþ1 þ y xÞ ¼ ikþ1  x 6 n x: If y < ik 6 x 6 ikþ1, then ITðx; yÞ ¼ y and so
TLðn y; ITðx; yÞÞ ¼ TLðn y; yÞ ¼ 0 6 n x: Now, joining the obtained results for MP and for MT-implications we obtain the following corollary.
Corollary 2. Let T; T1 be smooth t-norms on L and IT : L
2 ! L the R-implication associated to T. Then IT is an MPT-implication for
T1 if and only if T1 ¼ TL.3.2. S-implications
Let us now deal with S-implications. Given any t-conorm S we will denote by IS the corresponding S-implication given by
Eq. (13). That isISðx; yÞ ¼ Sðn x; yÞ for all x; y 2 L:The structure of S-implications can be viewed in Fig. 2 and their expression is given in the following proposition.
Fig. 2. The structure of the S-implication derived from the t-conorm SJ , where J ¼ f0 ¼ n im < n im1 <    < n i1 < n i0 ¼ ng;
Imaxðx; yÞ ¼maxðn x; yÞ and Iikþ1 ðx; yÞ ¼minðn ik; ikþ1 þ y xÞ for k ¼ 0; . . . ;m 1.
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IdempS ¼ f0 ¼ n im < n im1 <    < n i1 < n i0 ¼ ng:Then its derived S-implication IS is given byISðx; yÞ ¼
minðn ik; ikþ1  xþ yÞ if there is some ik
such that ik 6 x; n y 6 ikþ1
maxðn x; yÞ otherwise:
8><
>:For S-implications, the study of the modus ponens for smooth t-norms is easy and it is solved through the following two
propositions.
Proposition 14. Let T1 be a t-norm, S a t-conorm on L and IS : L
2 ! L the corresponding S-implication. If IS is an MP-implication
for T1 then necessarily T1ðx;n xÞ ¼ 0 for all x 2 L.
Proof. Given any t-conorm S on L we always have ISðx;0Þ ¼ n x for all x 2 L and then by Proposition 6 we directly obtain
T1ðx;n xÞ ¼ 0 for all x 2 L. h
Recall that a particular solution of the modus ponens for S-implications was already given in [10]. Speciﬁcally, when
T1 ¼ TL and S ¼ SL it was proved there that ISL is an MP-implication for TL , that is,TLðx; SLðn x; yÞÞ 6 y for all x; y 2 L:
We will use this result to characterize all solutions as follows.
Proposition 15. Let T1 be a smooth t-norm and S a smooth t-conorm on L and IS : L
2 ! L the corresponding S-implication. Then IS
is an MP-implication for T1 if and only if T1 ¼ TL .
Proof. If IS is an MP-implication for T1 then T1ðx;n xÞ ¼ 0 for all x 2 L and, because T1 is smooth, we have T1 ¼ TL. Con-
versely, when T1 ¼ TL we know that S 6 SL for any smooth t-conorm S (see Remark 7.3.10 in [16]) and thenTLðx; ISðx; yÞÞ ¼ TLðx; Sðn x; yÞÞ 6 TLðx; SLðn x; yÞÞ 6 y: In this case, the study of modus tollens gives exactly the same solutions. Speciﬁcally
Proposition 16. Let T1 be a t-norm and S a smooth t-conorm on L and IS : L
2 ! L the corresponding S-implication. If IS is an MT-
implication for T1 then necessarily T1ðx;n xÞ ¼ 0 for all x 2 L.
Proof. This is obvious just taking x ¼ n in (17) because ISðn; yÞ ¼ y for all y 2 L. h
Proposition 17. Let T1 be a smooth t-norm and S a smooth t-conorm on L and IS : L
2 ! L the corresponding S-implication. Then IS
is an MT-implication for T1 if and only if T1 ¼ TL.
Proof. The necessity is due to the same reasoning as in Proposition 15. Conversely, since S is smooth we haveTLðn y; ISðx; yÞÞ ¼ TLðn y; Sðn x; yÞÞ 6 TLðn y; SLðn x; yÞÞ 6 TLðn y;n xþ yÞ ¼ maxð0;n xÞ ¼ n x: 
Fig. 3. The structure of the QL-implication derived from TJ where J ¼ f0 ¼ i0 < i1 <    < im1 < im ¼ ng: For j ¼ 0; . . . ;m 1, each Iij is given by
Iij ðx; yÞ ¼maxfn xþ ij;nþ y ijþ1g for all x; y 2 ½ij; ijþ1. The same structure corresponds to the D-implication derived from TNðJÞ .
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will do in the non-smooth case (see the next section). However, we have choosen the direct proof with the aim of stressing
the fact that T1ðx;n xÞ ¼ 0 for all x 2 L is again a necessary condition.
From the results with modus ponens and modus tollens we have:
Corollary 3. Let T1 be a smooth t-norm and S a smooth t-conorm on L and IS : L
2 ! L the corresponding S-implication. Then IS is
an MPT-implication for T1 if and only if T1 ¼ TL.3.3. QL and D-operations
In this subsection we deal with QL and D-operations given by Eqs. (14) and (15), respectively. As we have commented, not
all of them are implications in the sense of Deﬁnition 3. In fact, it is proved in [11] that they are implications in the smooth
case (for both QL and D)3 if and only if S ¼ SL . However, we will study the properties MP, MT and MPT in general for all QL and
D-operations, whether they are or they are not implications.
We can begin again with the similar proposition as before.
Proposition 18. Let T1 be a t-norm on L, IQL a QL-operation and ID a D-operation. Then:
(i) If IQL (ID) is an MP-operation for T1 then necessarily T1ðx;n xÞ ¼ 0 for all x 2 L.
(ii) If IQL (ID) is an MT-operation for T1 then necessarily T1ðx;n xÞ ¼ 0 for all x 2 L.
Proof. To prove (i) it is enough to take y ¼ 0 in Eq. (14) for QL-operations or in Eq. (15) for D-operations. Similarly, taking
x ¼ n in the same equations we easily obtain (ii). h
When we deal with QL and D-implications, the smooth t-conorm S in Eqs. (14) and (15) must be S ¼ SL as we have already
commented at the beginning of this section. Thus they are derived simply from a smooth t-norm T as follows:3 NotIQLðx; yÞ ¼ SLðn x; Tðx; yÞÞ ¼ n xþ Tðx; yÞ ð20Þfor all x; y 2 L, andIDðx; yÞ ¼ SLðTðn x;n yÞ; yÞ ¼ yþ Tðn x;n yÞ ð21Þfor all x; y 2 L, respectively. Moreover, it is proved in [11] that the set of QL-implications and the set of D-implications coin-
cide when we derive them from smooth t-norms and t-conorms, and consequently we can study both kind of implications at
the same time. The structure of QL and D-implications can be found in Fig. 3 and their formulas are recalled in the following
proposition.
Proposition 19. ([11], Proposition 17 and 29) Let T be the only smooth t-norm with set of idempotent elementsIdempT ¼ f0 ¼ i0 < i1 <    < im1 < im ¼ ng:e that D-implications are called NQL-implications in [11].






maxfn xþ ik; nþ y ikþ1g if there is some ik
such that ik 6 x; y 6 ikþ1
n xþ y if there is some ik
such that y 6 ik 6 x
n otherwise:
8>>>><
>>>:(ii) The D-implication ID derived from T is given byIDðx; yÞ ¼
maxfyþ ik;2n x ikþ1g if there is some ik
such that n ikþ1 6 x; y 6 n ik
n xþ y if there is some ik
such that y 6 n ik 6 x
n otherwise:
8>>>><
>>>:It is known (see [11], Theorem 32) that the D-implication derived from a smooth t-norm Twith the set of idempotents given
byIdempT ¼ f0 ¼ i0 < i1 <    < im1 < im ¼ ng
coincides with the QL-implication derived from the t-norm with set of idempotents given byNðIdempTÞ ¼ f0 ¼ n im < n im1 < . . . < n i1 < n i0 ¼ ng:
In the study of QL and D-implications that are MP, MT and MPT for smooth T1 we obtain always the same result. Any of these
conditions is satisﬁed if and only if T1 ¼ TL . However, this result is true not only for implications but also for QL-operations
and D-operations in general. Thus we will prove the general case in spite of studying both kinds of operations separately. In
all cases we have:
Proposition 20. Let T1 be a smooth t-norm, IQL a QL-operation and ID a D-operation generated from a t-norm T and a smooth t-
conorm S. Then the following statements are equivalent:
(i) IQL (ID) is an MP-operation for T1.
(ii) IQL (ID) is an MT-operation for T1.
(iii) IQL (ID) is an MPT-operation for T1.
(iv) T1 ¼ TL .Proof. Let us prove ﬁrst the equivalence between (i) and (iv) for QL-operations. If IQL is an MP-operation for T1 we know from
Proposition 18 that T1ðx;n xÞ ¼ 0 and then T1 ¼ TL. Conversely, for all x; y 2 L we haveTLðx; Sðn x; Tðx; yÞÞÞ 6 TLðx; SLðn x; Tðx; yÞÞÞ ¼ TLðx;n xþ Tðx; yÞÞ ¼maxð0; Tðx; yÞÞ 6 y:
The same equivalence for D-operations follows similarly and moreover, the equivalence between (ii) and (iv) in both cases is
also a straightforward computation. Finally, the equivalence between (iii) and (iv) follows directly from deﬁnition and the
proposition is proved. h
Remark 3. In this case again the results concerning the modus tollens could be also derived from the modus ponens by con-
traposition in a similar way as it is done in the next section for the non-smooth case.
A table summarizing all results in this section can be viewed in Table 1.
4. Main results when T1 is non-smooth
In our previous study we have seen that, given any t-norm T1 on L and any binary operation I : L
2 ! L belonging to any of
the four cases (IR; IS; IQL; ID), for I to be an MP, MT, or MPT-operation, the conditionT1ðx;n xÞ ¼ 0 for all x 2 L ð22Þerization of R, S, QL and D-operations that are MP, MT and MPT-operations for a smooth t-norm T1




T1 ¼ TL T1 ¼ TL
cations, IS T1 ¼ TL T1 ¼ TL T1 ¼ TL
rations, IQL T1 ¼ TL T1 ¼ TL T1 ¼ TL
tions, ID T1 ¼ TL T1 ¼ TL T1 ¼ TL
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norm. However, in the non-smooth case we have many other t-norms on L satisfying this condition. For example, for any
k 2 L such that n k 6 k we have the following indexed family of t-norms Tk given byTkðx; yÞ ¼
0 if xþ y 6 n
xþ y k if xþ y > n and n k 6 x; y 6 k
minfx; yg otherwise:
8><
>: ð23ÞEach t-norm of this family satisﬁes Eq. (22), see for instance [10]. In fact, these t-norms Tk are the discrete counterpart of the
family of t-norms introduced by Fodor in [3] (see also [7]) where he studies contrapositive symmetry (genuine property of S-
implications) for R-implications. For each t-norm of this family the corresponding R and S-implications coincide (see also [8],
Jenei family of t-norms in pp. 97–98). This fact is also true for our family Tk in the discrete case (see [10]).
Note that Tk is non-smooth except for the case k ¼ n and in this extreme case Tn coincides with the Łukasiewicz t-norm
TL. Note also that the nilpotent minimum (see again [10]) is obtained in the other extreme case given by n k ¼ bn=2cwhere
bn=2c means the ﬂoor of n=2, that is, the greatest integer which is smaller than or equal to n=2.
Remark 4. Note that, in the particular case when n k ¼ k, n must be an even number and k ¼ n=2. Moreover, in this case
both Tk and Tkþ1 coincide with the nilpotent minimum. Thus, from now on, we will consider only the cases when n k < k
without any loose of generality. Moreover, we will only deal with Tk with n k < k < n since the case k ¼ n corresponds to
the Łukasiewicz t-norm which has been studied in the previous section.
We will consider also nP 3 since for the cases n ¼ 1;2 it is always Tk ¼ TL.
The indexed family of t-norms Tk can be viewed in Fig. 4.
Thus, since each Tk satisﬁes the necessary condition (22), we can study which R, S, QL and D-implications derived from
smooth t-norms are MP, MT or MPT-implications for each Tk.
In this case we have the following results with respect to the modus ponens. We begin with R-implications.
Proposition 21. Let T be a smooth t-norm and IT its corresponding R-implication. Then IT is an MP-implication for T
k if and only if
IdempT contains the set ½k;n ¼ fx 2 L j k 6 xg.
Proof. For the necessity, let suppose that there is some non-idempotent element aP k. There exist two consecutive idem-
potent elements of T, ir ; irþ1 such that ir < a < irþ1 and since n k < k 6 a we can take an element b 2 L such that
maxðn k; irÞ 6 b < a < irþ1. ThenITða; bÞ ¼ irþ1 þ b aP irþ1 þ n k a > n a
and consequentlyTkða; ITða; bÞÞ ¼minða; irþ1 þ b aÞ > b
obtaining contradiction with the modus ponens.
Conversely, suppose that ½k;n  IdempT . Since modus ponens is always satisﬁed for x 6 y, we only need to check it for the
values y < x and we will do it by considering three cases:
 If xP k. In this case x is an idempotent element of T and consequently ITðx; yÞ ¼ y and Tkðx; ITðx; yÞÞ ¼ Tkðx; yÞ 6 y.
 If x < k and y 6 n k. In this case, from Proposition 8 we have ITðx; yÞ 6 kþ y x 6 n x and then Tkðx; ITðx; yÞÞ ¼ 0 6 y.
 If x < k and y > n k. In this case, n k < y < x < k and we have also k > kþ y x > n x > n k. Now, applying again
Proposition 8 we have ITðx; yÞ 6 kþ y x and consequently
Tkðx; ITðx; yÞÞ 6 Tkðx; kþ y xÞ ¼ xþ ðkþ y xÞ  k ¼ y: Fig. 4. The structure of the t-norm Tk .
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Proposition 22. Let S be a smooth t-conorm and IS its corresponding S-implication. Then IS is an MP-implication for T
k if and only
if IdempS contains the set ½0;n k.
Proof. Suppose that there exists some a 6 n k such that Sða; aÞ > a. Then we have a 6 n k < k 6 n a and consequently
Tkðn a; ISðn a; aÞÞ ¼ Tkðn a; Sða; aÞÞ ¼minðn a; Sða; aÞÞ > a;which proves that IS is not an MP-implication for T
k.
Conversely, if ½0;n k  IdempS we want to prove that IS is an MP-implication for Tk. Since Eq. (16) always holds for x 6 y
we only need to prove it for y < x. Let us consider three cases:
 If xP k, then n x 6 n k and
Tkðx; Sðn x; yÞÞ ¼ Tkðx;maxðn x; yÞÞ ¼maxð0; Tkðx; yÞÞ 6 y: If x < k and y 6 n k, then it is also y < n x and
Tkðx; Sðn x; yÞÞ ¼ Tkðx;maxðn x; yÞÞ ¼ Tkðx;n xÞ ¼ 0 6 y: If x < k and y > n k, then n k < y < x < k. Since for smooth t-conorms it is S 6 SL , the greatest smooth t-conorm with
½0;n k  IdempS will be the t-conorm with IdempT ¼ ½0;n k [ fng. Then, using Proposition 4, we obtain for all x; y such
that n k < y < x < kSðn x; yÞ 6 minðn; n xþ y nþ kÞ ¼minðn; y xþ kÞ:
Now, we haveTkðx; Sðn x; yÞÞ 6 Tkðx;minðn; y xþ kÞÞ ¼ minðx; Tkðx; y xþ kÞÞ ¼ y: Example 1. From Propositions 3 and 4 we have a smooth t-norm (t-conorm) with set of idempotents given by any subset of L
containing f0;ng. Thus, given any k such that n k < k < n, taking the set J ¼ f0g [ ½k; n and the smooth t-norm T with
IdempT ¼ J (but also any smooth t-norm T 0 with J  IdempT 0 ) we obtain a smooth t-norm such that IT is an MP-implication
for Tk. Speciﬁcally, such t-norm is given byTðx; yÞ ¼ maxf0; xþ y kg if x; y 6 k
minfx; yg otherwise:
Note that this family of t-norms were characterized in the framework of ½0;1 in [15] and also studied as a special family of
t-norms in [8].
On the other hand, we can similarly obtain a smooth t-conorm such that IS is an MP-implication for T
k just taking
J ¼ ½0;n k [ fng and S such that IdempS ¼ J (but also taking any smooth t-conorm S0 with J  IdempS0 ).
The case of QL and D-implications is also easy. Since they are derived from SL and a smooth t-norm T, they are given by
Eqs. (20) and (21), respectively.
Proposition 23. Let T be a smooth t-norm and IQL and ID the corresponding QL and D-implications derived from T. Then the
following statements are equivalent:
(i) IQL is an MP-implication for T
k.
(ii) ID is an MP-implication for T
k.
(iii) T is the Łukasiewicz t-norm TL .
(iv) IQL ¼ ID ¼ I is the Kleene–Dienes implication given byIðx; yÞ ¼maxðn x; yÞ:Proof. We divide the proof in several steps.
ðiÞ ) ðiiiÞ
Let IQL be an MP-implication for T
k and suppose that there is an element a such that 0 < a < n with Tða; aÞ ¼ a. Taking
0 < y < x < n with y 6 a 6 x we have using (9) that Tðx; yÞ is given by the minimum. That is, Tðx; yÞ ¼ y and thenTkðx; IQLðx; yÞÞ ¼ Tkðx;n xþ Tðx; yÞÞ ¼ Tkðx; n xþ yÞ:Now, from Eq. (23), since n xþ y > n x this value is positive and it can be given by
minðx;n xþ yÞ or xþ n xþ y k ¼ nþ y k:
Table 2
Characterization of MP-implications for the t-norm Tk with n k < k < n
MP-implication for Tk
R-implication from T ½k;n  IdempT
S-implication from S ½0;n k  IdempS
QL-implication from T T ¼ TL
D-implication from T T ¼ TL
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must be the Łukasiewicz t-norm TL .
ðiiiÞ ) ðivÞ
If T ¼ TL then4 RecIQLðx; yÞ ¼ n xþ TLðx; yÞ ¼ n xþmaxð0; xþ y nÞ ¼maxðn x; yÞ:ðivÞ ) ðiÞ
This is clear becauseTkðx; IQLðx; yÞÞ ¼ Tkðx;maxðn x; yÞÞ 6 y:
The previous steps prove the equivalence among (i), (iii) and (iv). Finally, the equivalence with (ii) follows from Proposition
19-ii) taking into account that for T ¼ TL it is veriﬁed that IQL ¼ ID. h
In Table 2 we can see summarization of all results in this section concerning MP-implications for the t-norm Tk.
On the other hand, the general case of QL and D-operations is not so easy. That is, when these operations are derived from
a smooth t-conorm S different from SL . In this case, we can give only some partial results, as follows:
– When S ¼max, for any smooth t-norm T, it is a straightforward computation to show that the QL-operation given by
IQLðx; yÞ ¼ maxðn x; Tðx; yÞÞand the D-operation given byIDðx; yÞ ¼maxðTðn x;n yÞ; yÞ
are MP-operations for Tk (n k 6 k 6 n).
– When Sðx; xÞ ¼ x for all x 6 n k, we have as in the proof of Proposition 22 thatSðx; yÞ 6 Sðx; yÞ ¼ minfn; xþ y nþ kg if x; yP n k;
maxfx; yg otherwise:
Thus, a simple calculation shows thatTkðx; Sðn x; Tðx; yÞÞÞ 6 Tkðx; Sðn x; Tðx; yÞÞÞ 6 y
and similarlyTkðx; SðTðn x;n yÞ; yÞÞ 6 Tkðx; SðTðn x;n yÞ; yÞÞ 6 y:
That is, the QL and the D-operation derived from S and any smooth t-norm T, are MP-operations for Tk.
Finally, we want to discuss the MT-property for Tk.
From the duality between MP and MT, we will be able to derive identical results for the case of modus tollens, to the ones
obtained for the modus ponens, just by contraposition.
The only exception is for R-implications. In this case the results can not be derived from contraposition and we need to
study MT independently of MP. However, we also obtain an identical result to the one obtained for modus ponens.
Proposition 24. Let T be a smooth t-norm and IT its corresponding R-implication. Then IT is an MT-implication for T
k if and only if
IdempT contains the set ½k;n.
Proof. For the necessity, suppose that there is some aP k such that Tða; aÞ < a and take ir 2 IdempT such that ir < a < irþ1.
Then ir 6 a 1 < a < irþ1 andall that from Remark 4 we have reduced our study to the case k < n.
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Since irþ1  1þ ðn aþ 1Þ ¼ n aþ irþ1 > n this last value is positive and from (23) it can be given byn aþ irþ1  k or minðn aþ 1; irþ1  1Þ:
The result is in any case greater than n a (note that since k 6 a < irþ1, we have n a 6 n k < k 6 irþ1  1) which contra-
dicts the modus tollens.
Conversely, suppose that ½k;n  IdempT . Since modus tollens is always satisﬁed for x 6 y we only need to prove
Tkðn y; ITðx; yÞÞ 6 n x for all x; y 2 L with y < x: ð24ÞNote that when xP k, x is idempotent and ITðx; yÞ ¼ y. Thus
Tkðn y; ITðx; yÞÞ ¼ Tkðn y; yÞ ¼ 0and (24) is satisﬁed.
On the other hand, when x < k we have y < x < k and applying Proposition 8 we obtain ITðx; yÞ 6 kþ y x. Now, we can
distinguish two cases:
 If n k < y. Then we have n k < n y; kþ y x < k and
Tkðn y; ITðx; yÞÞ 6 Tkðn y; kþ y xÞ ¼ ðn yÞ þ ðkþ y xÞ  k ¼ n x: If n kP y. Then
Tkðn y; ITðx; yÞÞ 6 Tkðn y; kþ y xÞ 6 Tkðn y;n xÞ 6 n x:In both cases (24) is again satisﬁed and the proposition is proved. h
In all remaining cases the results can be derived from contraposition. First of all, note that S-implications always satisfy
contraposition with respect to the unique negation NðxÞ ¼ n x, that isISðx; yÞ ¼ ISðn y;n xÞ for all x; y 2 L: ð25Þ
On the other hand, D-operations are the contraposition (with respect to NðxÞ ¼ n x) of QL-operations and vice versa, that isIQLðx; yÞ ¼ IDðn y; n xÞ for all x; y 2 L: ð26Þ
Using these facts and the duality between MP and MT we can easily prove the results concerning MT.
Proposition 25. Let S be a smooth t-conorm and IS its corresponding S-implication. Then the following statements are equivalent:
(i) IS is an MP-implication for T
k.
(ii) IS is an MT-implication for T
k.
(iii) IS is an MPT-implication for T
k.
(iv) IdempS contains the set ½0;n k.Proof. Taking into account the previous results it is enough to prove the equivalence between (i) and (ii). But this is clear
because using Eq. (25) we have the following equivalences:Tkðx; ISðx; yÞÞ 6 y () Tkðx; ISðn y;n xÞÞ 6 y
and changing x ¼ n b and y ¼ n a, this is equivalent toTkðn b; ISða; bÞÞ 6 n a
for all a; b 2 L. h
Proposition 26. Let T be a smooth t-norm and IQL and ID the corresponding QL and D-implications derived from T. Then the fol-
lowing statements are equivalent:
(i) IQL (and ID) is an MP-implication for T
k.
(ii) IQL (and ID) is an MT-implication for T
k.
(iii) IQL (and ID) is an MPT-implication for T
k.
(iv) T is the Łukasiewicz t-norm TL .
(v) IQL ¼ ID ¼ I is the Kleene–Dienes implication.Proof. Again all reduce to prove the equivalence between (i) and (ii). And again the result is clear from the following equi-
valences where we use in this case Eq. (26):Tkðx; IQLðx; yÞÞ 6 y () Tkðx; IDðn y; n xÞÞ 6 y
Table 3
Characterization of MT-implications for the t-norm Tk with n k < k < n
MT-implication for Tk
R-implication from T ½k;n  IdempT
S-implication from S ½0;n k  IdempS
QL-implication from T T ¼ TL
D-implication from T T ¼ TL
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Tkðn b; IDða; bÞÞ 6 n afor all a; b 2 L. h
The results for MT are summarized now in Table 3.
To ﬁnish, note that the general case of modus ponens for QL and D-operations can be translated also for modus tollens via
duality, obtaining again exactly the same results.
Since the characterizations of MP and MT conditions coincide in all four cases, it is clear that in each case the correspond-
ing characterization also works for the MPT-condition.
5. Conclusion
The two main inference rules, modus ponens (MP) and modus tollens (MT), are studied for the four most usual classes of
discrete implications: R, S, QL and D-implications. A characterization of MP and a characterization of MT is given for all these
kinds of implications, obtaining in the majority of cases the condition T1ðx;n xÞ ¼ 0, which determines (in the smooth case)
the Łukasiewicz t-norm. For this reason, the non-smooth case is also studied for a general class of discrete t-norms T1 that
satisfy the condition above. In this study, a lot of new solutions among R, S, QL and D-implications, derived from smooth
t-norms, is obtained for both properties MP and MT.
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